Our investigation of the results of the neutron spin experiment by Ehhart et al. demonstrates that their results cannot be understood in accordance with common sense. For example, their results obtained with different measurement errors are equal to each other for a same neutron state. This is because their measurement values have a large systematic error due to adopting an incorrect measurement-value operator, which is the operator that gives the measurement values of the measured observable. They asserted that their results confirmed the validity of a universally valid uncertainty relation proposed by Ozawa. Therefore, their results demonstrate unexpectedly that Ozawa's uncertainty relation holds true for incorrect measurements. In addition, we have proved this fact theoretically. The measurement-value operator must be defined in order that the systematic error of measurement values predicted by the operator is zero. Such a measurement is called an accurate measurement. Two kind of uncertainty relations are derived for accurate measurements of a pre-measurement observablex0. In addition, we have presented an uncertainty relation for accurate measurements of a post-measurement observablext. Heisenberg's original uncertainty relation for measurement processes should be interpreted as this relation between the resolution, that is, the measurement error of the post-measurement observablext and the disturbance of an object observableŷ0.
I. INTRODUCTION
Recently Erhart et al. [1] reported a neutron spin experiment and concluded that the Heisenberg's original error-disturbance uncertainty relation
does not hold in general, where ǫ(x 0 ) is a measurement error of an observablex 0 , η(y 0 ) is a disturbance of an object observableŷ 0 caused by thex 0 measurement and |φ 0 is an initial state of an object system. On the contrary, a universally valid uncertainty relation ǫ(x 0 )η(y 0 ) + ǫ(x 0 )σ(y 0 ) + σ(x 0 )η(y 0 )
holds always true, where σ(x 0 ) and σ(y 0 ) are initial standard deviations of the observablesx 0 andŷ 0 , respectively. This inequality has been proposed by Ozawa [2, 3] who is one of the authors of Ref. [1] . We have a few objections to their conclusions.
II. HEISENBERG'S ORIGINAL UNCERTAITY RELATION
First, the Heisenberg's original uncertainty relation for measurement process is not relation (1) . We agree * Electronic address: kosugi@jc.shukutoku.ac.jp with them that inequality (1) is not always true. However, inequality (1) is not the Heisenberg's original errordisturbance uncertainty relation. As has already been pointed out [4] , in the thought experiment of the famous γ-ray microscope [5] , Heisenberg concluded that the uncertainty relation is valid for the electron motion after the measurement [6] . W. M. de Muynck also remarks that the inequality does not refer to the past but to the future, that is, to the state of the electron after the measurement [7] . This fact often remains unnoticed. Therefore, the measurement error in the uncertainty relation must be one that determines the uncertainty in the electron position after the measurement.
We shall here give a brief description of our measurement model. This is the same as an indirect measurement model [3] that was used by Ozawa in deriving uncertainty relation (2) . We consider a measurement of observableŝ x 0 of a microscopic object. The object interacts with a probe, which is a part of an apparatus in a time interval (0, t). LetÛ be a unitary operator representing the time evolution of the object and probe systems for this time interval. Then, the object and probe observablesx t and X t after the interaction are given byÛ † (x 0 ⊗Î)Û and U † (Î ⊗X 0 )Û , respectively. We hereinafter abbreviate the tensor productx 0 ⊗Î asx 0 . The probe is supposed to be prepared in a fixed state |ξ 0 . After the interaction, the probe observableX t is measured using another measurement apparatus. Then, using the measurement value X obtained, measurement values ofx 0 andx t are determined. It is assumed that the probe observableX t can be precisely measured and the measurement apparatus for measuringX t does not interact with the object system. Such a measurement is called an indirect measurement model. Every measurement is statistically equivalent to one of indirect measurement models [3] .
We have derived the following inequality in a research of the standard quantum limit (SQL) for monitoring freemass position [8] :
where ǫ X (x t ) is the resolution, that is, the error in a measurement result for the particle positionx t just after the measurement when the readout values of the probe positionX t is X, and the quantity σ X (x t ) is the standard deviation of the particle positionx t when the readout is X. Thus, it is the resolution ǫ(x t ), not the precision ǫ(x 0 ) that determines the position uncertainty of the particle after the measurement. Therefore, the Heisenberg's original uncertainty relation must be interpreted as a relation between the resolution ǫ(x t ) and the disturbance η(y 0 ):
where we represent the tensor product |φ 0 ⊗ |ξ 0 as |φ 0 , ξ 0 . This relation holds always true as will be shown later.
Heisenberg did not distinguish between the measurement errors ǫ(x 0 ) and ǫ(x t ). When the projection postulate [7, 9] of von Neumann holds, inequality (1) can be regarded as the Heisenberg's uncertainty relation especially in the case where the observablesx 0 andŷ 0 are the position and momentum operators, respectively, because the measurement errors ǫ(x 0 ) and ǫ(x t ) coincide with each other in this case. It is obvious in modern quantum theory, however, that the projection postulate does not hold true in general [7] . In the case of ǫ(x t ) = ǫ(x 0 ), inequality (4) must be regarded as the Heisenberg's original uncertainty relation.
III. VALIDITY OF UNIVERSALLY VALID UNCERTAINTY RELATION
Secondly, we shall examine the validity of universally valid uncertaity relation (2) proposed by Ozawa. He derived this relation by using the commutator relation [X t ,ŷ t ] = 0 and (x 0 ) m ≡X t , where (x 0 ) m is an operator that gives the measurement value ofx 0 andŷ t =Û †ŷ 0Û . This is because they are independent variables. As has been pointed out in the previous paper [4] , in our theory the operator (x 0 ) m is a function ofX t . Suppose that the operator (x 0 ) m gives correct measurement values. Then, the measurement error
satisfies uncertainty relation (2) . In addition, relation (2) holds also for a new measurement error ǫ ′ (x 0 ) defined by using a new measurement-value operator (x 0 )
is an arbitrary function. When (x 0 ) m is a measurement value for the operator (x 0 ) m , a new measurement value is f ((x 0 ) m ) in this case. For example, suppose that f (x) = 100x. Then, this means that measurement values 100(x 0 ) m also satisfy relation (2) . Because, in general, the operator (x 0 ) ′ m = 100(x 0 ) m does not give correct measurement values, this indicates that Ozawa's relation (2) holds for incorrect measurementvalue operators. In other words, his relation is too universal. Based on the above argument, we can conclude that there exist different uncertain relations for correct measurements (see uncertainty relations (12) and (13)).
IV. EXAMINATIONS OF THE RESULTS
OBTAINED BY ERHART ET AL.
Thirdly, we shall investigate the validity of thier projective measurement. Instead of exactly measuring the observableσ x , they actually carried out the projective measurement of the observableσ φ = cosφσ x + sinφσ y , whereσ x andσ y are the Pauli matrices and φ is the detuning parameter. In this way they regarded the measurement values of the observableσ φ as those of the observableσ x and defined the measurement error ǫ(x 0 ) as
Ozawa proved that there exists a projective measurement for any pure measurement process when the ranges of measurement operators M m are mutually orthogonal [10] . He did not show, however, that it is the projective measurement ofσ φ . In order to assert that their measurement results of neutron spin experiment prove the validity of uncertainty relation (2), they should present concrete examples of |ξ 0 andÛ in the indirect measurement model. In fact, our examinations of their measurement results indicate that regarding the measurement results ofσ φ as those ofσ x is irrelevant. We shall present two examples here. First, let p + (p − ) be a probability that the measurement value is +1(−1). From Fig. 3 in Ref. [1] , we obtain p + = 1 and p − = 0, for the case of |φ 0 = | + y and φ = 90
• , where | + y is the eigenket ofσ y with the eigenvalue= +1. The fact of p + = 1 indicates that the same measurement value +1 is always obtained when the same measurement is repeated many times. This result is usually judged that the initial neutron state |φ 0 is | + x and the measurement error ǫ is zero. The actual neutron state is, however, | + y = (| + x + | − x )/ √ 2 and the measurement error is 2sin90
• /2 = √ 2. Such a result cannot be understood reasonably.
Moreover, the standard deviation σ(σ x ) of the measured observableσ x is 1 in this case. On the contrary, the standard deviation σ(σ φ ) of the measurement values ofσ φ is 0. From the commonsense point of view, the measurement with the measurement error √ 2 increases the standard deviation σ(σ φ ) as compared with σ(σ x ) (see Eq. (10)). The actual result of σ(σ φ ), however, decreases from 1 to 0 as the error increases from 0 to √ 2.
Such a measurement can hardly be recognized as a measurement. It is found from our detailed investigations that such unreasonable results are caused by the fact that a systematic error ǫ s is large. The systematic error is given by
In the case of σ(x 0 ) = 0, the total error is given by ǫ = ǫ 2 r + ǫ 2 s , where ǫ r is a random error. The systematic error expresses the accuracy of the measurement system. It refers to the degree of closeness of measurement values of a quantity to its actual value. The random error expresses the precision of the measurement system. It refers to the degree of closeness of two or more measurement values to each other under same conditions. Next, we shall examine their measurement results of |φ 0 = | + z . We obtain p + = 1/2 and p − = 1/2 from Fig.3 in the case of φ = 0
• , that is, the measurement error ǫ = 0. Very strangely, we obtain quite the same measurement results for φ = 40
• and φ = 90
• as those for φ = 0
• . The measurement error increases as the parameter φ increases. Therefore, this fact indicates that the measurement results of the observableσ x with different measurement errors are equal to each other for the same neutron state | + z . It is sensible to consider that the distributions of the experimental values with different measurement errors are different from each other. However, they are equal to each other.
More detailed investigations show that the measurement results are the sum of those for | + x and | − x , as
The measurement results for | + x give p + = cos 2 (φ/2) and p − = sin 2 (φ/2) with the error parameter φ, and those for |−x are p + = sin 2 (φ/2) and p − = cos 2 (φ/2). Thus, we obtain p + = 1/2 and p − = 1/2 for |φ 0 = | + z independently of the error, which is in agreement with their experimental result mentioned above. In the measurements for both | + x and | − x , the random error ǫ r is sin(φ/2) and the systematic errorǫ s is 1 − cosφ. Thus ǫ r and ǫ s increase with the error parameter φ. At φ = 40
• , we obtain ǫ r ≃ 0.34 and ǫ s ≃ 0.23. This indicates that the measurement at φ = 40
• is not accurate. In the case of φ = 0, the operatorσ φ reproduces the difference of average values +x|σ x | + x − −x|σ x | − x = 2, because +x|σ φ |+x − −x|σ φ |−x = cosφ−(−cosφ) = 2cosφ. It does not, however, reproduce the average difference at all in the case of φ = π/2, since 2cosφ = 0. Such a result does not occur when the systematic error is 0 for both |+x and |−x . When ∆ has the same value for any |φ 0 , we can make the systematic error zero by defining a new measurement-value operator as (x 0 ) m − ∆. For the case ofσ φ , however, the systematic error can not be made zero in this way, because ∆ is cosφ − 1 for |φ 0 = | + x and ∆ = 1 − cosφ for | − x . It is clear from the above arguments that the measurement values of the operatorσ φ cannot be regarded as those of the measured observablê σ x .
V. CONDITION OF A MEASUREMENT-VALUE OPERATOR
Our investigations in the preceding section show that measurement results that are not accurate can hardly be understood reasonably. Therefore, it is reasonable to assume that all measurements must be accurate, that is, the systematic errors ǫ s for the measurements must be zero. Then, we obtain from Eq. (7)
Because this condition must be satisfied for any initial object state |φ 0 , we have
where · · · | · · · κ represents the partial inner product over the state space of the probe. This is the same condition of an unbiased measurement. In other words, the accurate measurement must be the unbiased measurement. Ozawa often discussed the unbiased measurement [3, 10] . It should be noted, however, that we assert here that the measurement-value operator (x 0 ) m must be defined to satisfy condition (9) of accurate measurements. When condition (9) is satisfied, the equation
holds always true. It is found from the above equation that such unreasonble measurement results as those obtained by Erhart et al. do not appear for accurate measurements. When the same measurement value is always obtained for repeated measurements, one has σ((x 0 ) m ) = 0. In this case, from Eq. (10) one obtains σ(x 0 ) = 0 and ǫ(x 0 ) = 0. Therefore, one judges correctly that the initial object state |φ 0 is an eigenket of the measured observablex 0 and the measurement error is zero. Moreover, Eq. (10) indicates that the standard deviation σ((x 0 ) m ) increases as the error ǫ(x 0 ) increases for the measurements of the object system in the same initial state. Thus, in this case the distributions of the measurement results obtained with different measurement errors are different from each other. A fundamental problem of how to decide the operator (x 0 ) m in quantum measurement theory has hardly been questioned. A conventional method of determining the operator (x 0 ) m is as follows [2, 3, 10-13]: a certain prove observableX 0 is regarded to be a meter observable and the observableX t after the interaction is assumed to be the measurement-value operator (x 0 ) m . No one has examined whether the operatorX t gives correct measurement values or not.
The operatorσ φ satisfies condition (9) only in the case of φ = 0. This is not surprising, because in this case σ φ is equal toσ x and the measurement error ǫ(x 0 ) is zero. An accurate measurement does not mean that its measurement error ǫ(x 0 ) is zero. It is a measurement whose systematic error ǫ s is zero. Even if a random error of a measurement is large, the measurement is accurate when ǫ s = 0.
VI. UNCERTAINTY RELATIONS FOR ACCURATE MEASUREMENTS
We shall drive uncertainty relations that hold for accurate measurements. Because the measurement-value operator (x 0 ) m is a function ofX t , we have [ (x 0 ) m ,ŷ t ] = 0. Thus we obtain
Using the condition (9) of accurate measurements, we get
Therefore, the following uncertainty relation holds true:
Moreover, the following inequalities hold [14] :
Then,
we obtain the following uncertainty relation:
Compared with Ozawa's universally valid uncertainty relation (2), this relation does not include the term ǫ(x 0 )σ(y 0 ). As has been discussed in Sec.III, suppose that the measurement-value operator (x 0 ) m satisfies relations (12) and (13) . A new measurement-value operator f ((x 0 ) m ) does not satisfy relations (12) and (13) in general, whereas it satisfies relation (2). This is because the operator (x 0 ) m must satisfy condition (9) of accurate measurements in our theory. There has been repeated controversy on the problem of whether the SQL exists for repeated measurements of free-mass position, in particular for gravitational-wave detection [8, 11, [15] [16] [17] [18] . In the previous paper [8] , we have proved that the SQL for monitoring free-mass position holds always true under the following assumption:
The above inequality is readily derived from Eq. (10). Therefore, the SQL holds always true for all accurate measurements without assumption (14) . Moreover, uncertainty relation (12) is more fundamental than relation (13), because
Next, we shall consider the measurement of the observablex t after the interaction. It is necessary to consider this measurement when one measures the moved distance for a free-mass using the results of the two position measurement [8] . In this measurement, one first measures the post-measurement positionx t . The Heisenberg's original uncertainty relation is the relation between the measurement error ǫ(x t ) for the observablex t and the disturbance η(y 0 ).
As in the case of the measurement ofx 0 , the condition of accurate measurements of the observablex t is
where (x t ) m is a measurement-value operator ofx t . The measurement value ofx t is also determined using the measurement value of the probe observableX t . Therefore, the operator (x t ) m is a function ofX t and then, we have [ (x t ) m ,ŷ t ] = 0. Using the relation
we obtain uncertainty relation (4). Therefore, the Heisenberg's original uncertainty relation holds true in general. When the operatorsx 0 andŷ 0 are the position and momentum operators, respectively, we have
Moreover, the uncertainty relation
This relation is always true in the same manner as Ozawa's universally valid uncertainty relation, because it is derived without condition (15) of accurate measurements. This relation is the same as Mensky's uncertainty relation induced by measurement [19] .
VII. CONCLUDING REMARKS
We have examined the results of the neutron spin experiment by Erhart et al. and demonstrated that their measurement results can hardly be understood reasonably. This is because they adopted the incorrect measurement-value operator, not because they made a mistake in their experiment. They unexpectedly demonstrated that universally valid uncertainty relation (2) holds for such wrong measurement results. We have also given the theoretical demonstration of this fact. This is the reason why we cannot accept universally valid uncertainty relation (2) derived by Ozawa.
The measurement values obtained with the measurement error ǫ(x 0 ) > 0 generally differ from the true value. Thus, we encountered a problem of what a correct measuremnt is for this case. Our solution of this problem is that it is the accurate measurement where the systematic error is zero. A preliminary discussion has been held about this problem in the previous paper [8] . Suppose that the operatorsx t andX t after the interaction are functions of the operatorsx 0 andX 0 before the interaction:
where f (x, y) and g(x, y) are arbitrary functions. For simplicity, we shall consider the case where the state |φ 0 is an eigenket of the observablex 0 , that is,x 0 has only one value. When the probe state |ξ 0 is also an eigenket of the observableX 0 , that is, it has no fluctuation ofX 0 , the observableX t has only one value in Eq. (19) . Then, the measurement error ǫ(x 0 ) is zero. It is found from this argument that the fluctuation of the probe observableX 0 causes the measurement error. Because one cannot know and control which component of the probe wave function ξ 0 (X 0 ) interacts with the object system in a one-time measurement, it is reasonable to define the measurementvalue operators (x 0 ) m and (x t ) m as the operatorsx 0 and x t obtained by replacingX 0 by X 0 in Eqs. (18) and (19) , respectively:
These relations lead to conditions (9) and (15) of accurate measurements. In addition, using them we can justify a linearity assumption proposed in the previous paper [4] , when the operatorsx 0 andX 0 are position operators [22] . Although the accurate measurement always satisfies inequality (14) , in the measurement results obtained by Erhart et al., there exists the result that does not satisfy inequality (14) as shown in Sec.IV. Theoretically, the standard deviation σ((x 0 ) m ) of measurement values obtained with the measurement error ǫ(x 0 ) = 0 is equal to that σ(x 0 ) of the observablex 0 . From the point of views, however, that the measurement error cannot be actually reduced to zero and one does not know its value in general before the measurement, in obtaining the value of σ(x 0 ) by the experiment, the lower limit of the standard deviations σ((x 0 ) m ) obtained by a variety of experiments must be regarded as the value of σ(x 0 ). Then, only the measurements that satisfy inequality (14) can confirm the validity of the uncertain relation derived by Kennard [20] and Robertson [21] 
If one recognizes the measurement by Erhart et al. as a measurement, then the validity of the above uncertainty relation cannot be demonstrated by the experiment. We have derived uncertainty relations (12), (13) , and (4) for accurate measurements. In addition, universally valid uncertainty relation (17) for measuring the observablex t is derived, which corresponds to Ozawa's universally valid uncertainty relation (2) for measuring the observablex 0 . Uncertainty relation (12) has already been derived by Ozawa [3] . In Ref. (3), however, he regarded the unbiased measurement as one among many kinds of measurements. Note that we assert here that the measurement-value operators must be decided in order that the measurement values obtained using them satisfy conditions (9) and (15) of the unbiased measurements, that is, the accurate measurements. This is because the measurement with a large systematic error shows unreasonable results.
One obtains information about the system under investigation by the measurement. The information obtained, however, must be intuitively understandable from a commonsense point of view. Our detailed examinations of the experimental results by Erhart et al. indicate that the measurement-value operator must be defined so that the systematic error is zero. Although the systematic error cannot be reduced to zero due to many unexpected factors in the actual experiment, the measurement-value operators should be defined in the quantum measurement theory so that it is zero.
This research remind us of what Einstein said to Heisenberg who worried at the contradiction between the electron path observed in the Wilson cloud chamber and his matrix mechanics that denies the concept of "path". Einstein had said: "It is the theory which decides what we can observe." Heisenberg now felt that the solution of the problem lay in this statement [23] . Even if the theory predicts the result of a certain experiment and the actual experimental result agrees perfectly with its prediction, however, it does not necessarily prove the validity of the theory. The experimental demonstration of the universally valid uncertain relation in spin measurement is an example of the above statement.
